In this paper, we propose a novel three-dimensional receiver deghosting algorithm that is capable of deghosting both horizontal and slanted streamer data in a theoretically consistent manner. Our algorithm honours wave propagation phenomena in a true three-dimensional sense and frames the three-dimensional receiver deghosting problem as a Lasso problem. The ultimate goal is to minimise the mismatch between the actual measurements and the simulated wavefield with an L1 constraint applied in the extended Radon space to handle the underdetermined nature of this problem. We successfully demonstrate our algorithm on a modified three-dimensional EAGE/SEG Overthrust model and a Red Sea marine dataset.
Figure 1
Schematic of streamer data acquisition. Streamers could be in any shape in reality: curved, horizontal, slanted, etc.
Ji (2013a); Beasley et al. (2013b) ; and Beasley and Coates (2014) proposed a wave equation deghosting method, which strives to honour wave propagation and causality as much as possible.
For 3D receiver deghosting, almost all the reported methods require dense wavefield sampling, but in real data acquisition, the crossline interval is normally much larger than the inline interval (typically, the ratio of inline interval to crossline interval varies between 1:4 and 1:16), which violates this fundamental assumption. As a trade-off, most methods choose either to work only on dense 2D inline data (Beasley et al. 2013a (Beasley et al. , 2013b Beasley and Coates 2014; Berkhout and Blacquiere 2014) or make a 1D propagation assumption (Soubaras 1996) . Rickett (2014) utilised interpolation in his method explicitly as an independent operation; however, interpolation for real data is not trivial, which makes it difficult to optimally apply both steps without a propagation of errors. As a result, for 3D field data, the receiver deghosting challenge is actually two-phase, which involves handling wavefield undersampling issue, followed by the actual receiver ghost signal removal.
In this paper, we propose a novel 3D receiver deghosting algorithm that is capable of dealing with both horizontal and slanted streamers in a theoretically consistent manner. Our method honours 3D wave propagation phenomena and simultaneously reconstructs the deghosted wavefield in a selfconsistent manner. In addition, we also propose a redundant extended Radon dictionary to be used in our inversion. Our algorithm frames the 3D receiver deghosting problem as a Lasso problem (Tibshirani 1996) , and the ultimate goal is to minimise the mismatch between the actual measurements and the simulated wavefield, with an L1 constraint in our extended Radon space to handle the underdetermined nature of this problem. We demonstrate our algorithm on data generated from a realistic modified 3D EAGE/SEG Overthrust model and a Red Sea marine dataset.
Figure 3
The modified 3D EAGE/SEG Overthrust model with a 500 m-thick water layer on top. The corresponding density model is built using Gardner's equation, except for the water layer where the density is set to 1000 kg/m 3 .
Figure 4
Data acquisition schemes for (a) the horizontal streamer case and (b) the slanted streamer case. The red star designates the source position (750 m, 750 m, 5 m). Inline (Y-direction) spacing is 12.5 m, and crossline (X-direction) spacing is 50 m. For the slanted streamer, receivers within the initial 500 m in the inline direction are at z = 25 m, and after that, for every 1 km, the receiver depth is further increased by 2.5 m. The deepest receiver depth is 40 m at the maximum offset. Other parameters are the same as in the horizontal streamer case.
T H E O R Y A N D A L G O R I T H M
In marine seismic data acquisition, towed streamers, which, in reality, can be in any shape (e.g., horizontal, slanted, or even curved), are normally placed from a few metres to several tens of metres below the water surface; hence, the streamers actually record the scattered wavefield twice, i.e., once upward and the other time downward after the wavefield is reflected by the air-water interface. Due to the interference of these two wavefields, certain frequency components are suppressed or even cancelled out, and this is the well-known receiver ghost effect. Figure 1 is a schematic of this process. Undersampled wavefield is another challenge in streamer data acquisition. Usually, the crossline interval is much larger than the inline interval (in reality, the ratio of inline to crossline interval varies between 1:4 and 1:16); hence, the acquired wavefield is generally aliased in the crossline direction, which further complicates receiver deghosting.
Figure 5
The central/near-offset cable in the horizontal streamer case of the modified EAGE/SEG Overthrust model (a) before and (b) after our 3D receiver deghosting.
To handle the receiver deghosting problem in a more physical manner, wave propagation phenomena should be better honoured, and this requires the undersampled wavefield challenge and the receiver ghost removal to be addressed simultaneously. Because the complete receiver ghost process happens only in water, which can be treated as an isotropic and homogeneous medium, acoustic wave propagation theory is sufficient to describe it, and we choose the Rayleigh integral (see, e.g., the work of Gisolf and Verschuur (2010) ) as our wave propagation modelling engine. For the Rayleigh integral to hold, two conditions have to be met: its integral surface has to be a plane and wavefield sampling on this planar surface has to be dense. We propose to directly solve for the densely sampled upgoing wavefield at the water surface since it can meet these two conditions simultaneously: the wavefield is dense by our definition, and the water surface, in reality, is close to a planar surface at the wavelengths under study. With this in mind, the total scattered wavefield recorded by receivers can then be described as summation of the backward propagated wavefield from the water surface to the receiver locations and the forward propagated wavefield, taking into account surface reflections, from the water surface to the receiver locations. This idea of treating the water surface as a mirror reflector was also adopted by some other researchers (see, e.g., the works of Poole (2013) and Hardwick et al. (2015) ). Note that, in our model, streamers in any shape can be handled because the integral can be accurately evaluated for any receiver location as long as the corresponding wave propagation operator is provided. Figure 2 shows a schematic of the receiver ghost process using our model (note that direct arrivals are assumed to have been removed), and mathematically, it can be described as
where b is a vector containing the measured data at known receiver depths; h is the dense wavefield vector at the water surface; S is a subsampling matrix corresponding to the real data acquisition scheme in both the inline and the crossline directions; P − and P + are the backward and forward oneway wave propagation matrices from the water surface to the predefined dense receiver locations, which cover the actual receiver locations; and R is the water surface reflectivity matrix. Although h is a vector in equation (1), it actually consists of a 3D shot gather f(g x , g y , t) where g x and g y are the x and y positions of the receiver at the water surface.
Because of the existence of S in equation (1), the measured data is undersampled, i.e., dim(b) < dim(h); hence, matrix S(P − + P + R) is generally not mathematically invertible. To overcome this mathematical hurdle, we propose to frame the receiver deghosting problem as the following equations:
with
In equations (2) and (3), u is a vector containing the encoded dense wavefield at the water surface, and D is a transformation matrix, which yields h = Du. The key to the success of equation (2) is to find a suitable redundant dictionary so that the encoded wavefield u in this dictionary is a sparse representation of the dense wavefield h at the water surface.
In our algorithm, we encode this dense wavefield per crossline slice, i.e., the data slice perpendicular to the streamer cables, and every crossline slice has its own representation. Together with the transformation matrix D, this encoding step is expressed mathematically as 
. . .
where u slice i is a vector containing the wavefield representation of crossline slice i of the dense wavefield and D 2d is the corresponding matrix that transforms the encoded wavefield u slice i to wavefield h slice i , which contains slice i of the dense wavefield at the water surface.
We propose a redundant extended Radon dictionary for our algorithm to work with. The building blocks of this new dictionary are as follows:
where a h is an apex location of the gth-order Radon curve. Linear Radon atom, which is described by equation (5), is always considered in our calculation, and on top of it, we have freedom to include some higher order Radon atoms with shifted apices, as described by equation (6). In other words, our intention is to decompose the data h slice i into wavefronts depicted by different Radon curves. Using our redundant extended Radon dictionary, D 2d in equation (4) can be decomposed into a combination of contributions of different building blocks, which is expressed now as
where
and where with
where ω i is the angular frequency. In equation (7), F is the discrete Fourier transformation (DFT) matrix; F −1 is the
] is the redundant extended Radon matrix, where L 1 is the linear Radon transformation matrix as detailed in equations (8) and (9), and L g,n g is the gth-order Radon transformation matrix with the curve apex at a n g as detailed in equations (10) and (11); O is a matrix that shuffles the vector to a suitable order, which the redundant extended Radon matrix can operate on; and O −1 is the inverse of O, which shuffles the vector back to the original order for the inverse Fourier transform. Equations (2) to (11) form the backbone of our deghosting method, and once u is solved, the in situ deghosted wavefield SP − Du can then be easily calculated.
Equation (2) is the famous Lasso problem in mathematics (Tibshirani 1996) , for which various solvers have been proposed. In our algorithm, the SPGL1 solver (van den Berg and Friedlander 2008) is used. There are two major advantages of using SPGL1. First, SPGL1 does not require calculating the inverse of A in equation (2) in any sense but only requires the Hermitian of A, which can be computed straightforwardly. Second, SPGL1 supports operator calculations; hence, although in our theory equations (2) to (11) are all in matrix format, in our implementation, all these calculations are done via operators, which not only saves memory but also makes the implementation much easier. However, we find that, in the SPGL1 method, the step involving projection onto a diagonally weighted 1-norm ball (L1 projection) is the dominant factor in computation speed. Therefore, we recommend replacing the original sorting-based L1 projection algorithm with the active set method, which is not only faster in terms of computational complexity but also very suitable for parallelisation. Details on our active set method-based L1 projection can be found in the Appendix.
To achieve satisfying results, it is crucial to properly build P − and P + in equation (3). In the Rayleigh theory, the integral aperture should be infinite, but in reality, this requirement is not practical. As a result, P − and P + have to take this limited aperture into consideration and different choices of implementation of these two propagation matrices will bring slightly different results. In this paper, we suggest to Figure 11 The first/furthest-offset cable in the slanted streamer case of the modified EAGE/SEG Overthrust model (a) before and (b) after our 3D receiver deghosting.
use weighted least-squares optimised one-way propagation operators (Thorbecke, Wapenaar and Swinnen 2004) to build P − and P + . An advantage of using a limited aperture is that the wavefield calculation can be decoupled; for the wavefield within a certain area (even including the time direction), only a limited integral area in the integral plane needs to be considered. Therefore, in our calculations, we divide the complete solution area into overlapping small windows or volumes and then work on each one separately. In the end, all these subresults are averaged and spliced together via a trapezoidal weight function to form the final complete result. Two benefits can be obtained from this approach: (1) although the complete dataset may be huge, a subset can be of realistic size to be handled with limited computation resources, and (2) due to both the edge effect of the integral aperture and the limited number of building blocks in the dictionary, computation artefacts are unavoidable but can be suppressed via averaging as the sub-areas overlap. Operator R in equation (3) should also be handled with care. Although in most reported methods R is always assumed to be −I, in reality, its behaviour is much more complex as the water surface cannot be perfectly flat. To our knowledge, this point has not been dwelled on adequately yet (Orji, Sollner and Gelius 2013) ; however, we leave 3D receiver deghosting with variable R for future research, and for the time being, R is assumed to be −I.
E X A M P L E : A M O D I F I E D T H R E E -D I M E N S I O N A L E A G E / S E G O V E R T H R U S T M O D E L
We first use a realistic synthetic example from a modified 3D EAGE/SEG Overthrust model (Aminzadeh, Brac and Kunz 1997) to demonstrate our method. First of all, a 500 mthick water layer is put on top of the original 3D model, and a subset of this new model is selected. The subset comprises, in the X-direction, between 10 km and 11.5 km (as the crossline direction in our modelling, x ∈ [0 m, 1500 m]), and in the Y-direction, it comprises between 7.5 km and 14.5 km (as the inline direction, y ∈ [0 m, 7000 m]) (Fig. 3) . The corresponding density model is also built based upon this modified velocity model, with densities derived from the velocities via Gardner's equation (Gardner, Gardner and Gregory 1974) , except for the water layer where the density value is set to 1000 kg/m 3 . Acoustic 3D finite-difference timedomain (FDTD) modelling is used as our forward modelling engine. Two different data acquisition schemes are considered here, i.e., using horizontal streamers and using slanted streamers. In both cases, the source wavelet is a Ricker with a 20-Hz dominant frequency, which is located at x = 750 m, y = 750 m, and z = 5 m. The maximum frequency used in our inversion is limited to 75 Hz. The seismic streamers cover an area of ± 250 m in the crossline direction by 6 km in the inline direction with offsets from 500 to 6500 m. The inline receiver interval is 12.5 m, and the crossline interval is 50 m. For the horizontal streamer case, the streamer depth is set at 30 m (Fig. 4a) . For the slanted streamer case, due to the fact that FDTD is our simulation method, continuously varying depths cannot be easily defined. As a compromise solution, we use a quasi-slanted data acquisition scheme where receivers are all at the same depth in the crossline direction, whereas in the inline direction, the receiver depths form a staircase, i.e., within the first 500 m offset, the receivers are at 25 m depth, and after that, for every 1 km increase in offset, the receiver depths are increased by 2.5 m until they reach 40 m at maximum offset. Figure 4b shows this quasi-slanted streamer configuration in detail.
To suppress computation artefacts in our calculation, overlapping windows or sub-volumes are used. Each subvolume comprises the entire trace and crossline aperture, whereas in the inline direction, the window length is 500 m. The first sub-volume starts at y = 500 m in the inline direction, and sub-volumes overlap by 300 m, moving up by 200 m in each successive window in the inline direction. The final deghosted result is the arithmetic average of all these sub-volumes. A 250 m by 250 m Rayleigh integral aperture is used to build propagation operators. In equation (7), the linear Radon term plus three parabolic Radon terms are used. Apex values in the parabolic Radon terms can be selected in many ways, and in this example, they are determined using the idea of matching pursuit (Mallat and Zhang 1993) . For each spatial window, the central crossline slice in the inline direction is picked out first (for instance, if there are three crossline slices in this spatial window, y = y 1 , y = y 1 + y, y = y 1 +2 y, then pick out the crossline slice y = y 1 + y). Next, we calculate the parabolic Radon contribution with the apex scanned through the whole crossline range and then pick out the apex value that leads to the smallest residual on this crossline slice. Contributions from this apex value are deducted from the current crossline slice, and the residual slice is used as the new crossline slice. This process is repeated until all needed apex values have been selected.
Figures 5-12 show the results for both the horizontal streamer and the quasi-slanted streamer case. Figure 5 shows the central/near-offset cable in the horizontal streamer situation before and after our 3D receiver deghosting. Figure 6 shows the FK spectra in Fig. 5 , and there, it is clearly shown that the receiver ghost notch has been nicely recovered. Figure 7 shows the first cable, i.e., the furthest-offset cable, in the horizontal streamer situation before and after our 3D receiver deghosting, and Fig. 8 shows its corresponding FK spectra, from which nice receiver ghost notch recovery can also be found easily. Figures 9-12 show the results in the slanted streamer situation in the same manner as in Figs. 5-8. 
E X A M P L E : A R E D S E A F I E L D D A T A T E S T
For the field data case, a 3D shot gather from the Red Sea is used to demonstrate our deghosting method. The data comprise ten streamers with a nominal group spacing of 12.5 m, a streamer spacing of 100 m, and a streamer length of 9 km. This shot gather has 7200 traces in total. The air gun source depth is 9 m with the streamers at a nominal depth of 12 m. The time sampling rate is 2 ms with a trace length of Figure 15 FK spectra from the central/near-offset cable in the Red Sea field data (a) before and (b) after 3D receiver deghosting. The red arrow points to the frequency notch, and the red ellipse highlights the area where the inline aliased data also show spectral broadening. 10 s. In our 3D receiver deghosting procedure, the wavefield at the water surface is parameterised on a 6.25 m by 6.25 m grid, and the maximum frequency used in our inversion is 120 Hz. As in the synthetic data example, a square 250 m by 250 m wave propagation aperture is used, and the water velocity is set to 1500 m/s. We still assume R to be −I. The bubble signals were not removed prior to our 3D receiver deghosting as bubble signals also fit into our receiver ghost model and hence can also be properly receiver deghosted. As for the synthetic example above, the linear Radon term plus three parabolic terms are used as the building blocks in our dictionary, and the apex value selection is also done in a similar fashion. The data sub-volumes used in this example comprise the entire crossline range, with a 500 m window in the inline direction and a 5 s time window. The subvolume step in the inline direction is 100 m, and in the time Figure 16 The first/furthest-offset cable in the Red Sea field data (a) before and (b) after 3D receiver deghosting. direction, it is 2.5 s, i.e., sub-volumes overlap by 400 m in the inline direction and by 2.5 s in time. Figure 13 shows data from the central/near-offset cable before and after 3D receiver deghosting, and Fig. 14 shows the zoom-in view of the first 4 s time window of the initial 400 traces in Fig. 13 . Figure 15 shows the FK spectra in Fig. 13. Figures 16-18 show results of the first/furthestoffset cable in the same manner as in Figs. 13-15 . In Figs. 15 and 18, the receiver deghosting effect is clearly visible as the notch has been well recovered and the overall spectrum has been broadened. Note that the inline aliased part of the data, visible in the bottom left corner in the FK domain (Figs. 15 and 18) , has also been properly handled and shows the appropriate spectral whitening following deghosting.
C O N C L U S I O N S
In this paper, we have proposed a novel 3D receiver deghosting algorithm that is capable of dealing with both horizontal and slanted streamers in a theoretically consistent manner. Our algorithm fully honours wave propagation phenomena during marine streamer acquisition in a true 3D sense, and it implicitly and self-consistently reconstructs the deghosted wavefield at the water surface. Mathematically, our method frames the receiver deghosting problem as a Lasso problem, and the SPGL1 method is used as its mathematical solver. We also proposed a new redundant dictionary, i.e., the redundant extended Radon dictionary, as our basis dictionary. We have successfully demonstrated our method on a modified 3D EAGE/SEG Overthrust model and a Red Sea field dataset. 
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